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Abstract. Cancer is the disease caused by disordered hormone so that it causes the lumps to
grow abnormally on body tissue, and it is known as a malignant tumor. Some mortalities in the
world are caused by cancer, while in Indonesia, cancer contributes to the third-largest death. This
research will explain about stability and optimal control of tumor growth dynamical model by
drugs in chemotherapy. In the tumor growth dynamical model, there are normal cells, tumor
cells, and immune cells. From the mathematical model of tumor growth, some equilibrium points
will be analyzed for their stability using eigenvalue. In this research, from the mathematical
model of tumor growth, it will be added control, such as drugs in chemotherapy. The method
used for solving optimal control problems and resulting numerical solutions is Forward
Backward Sweep Method. Based on simulation results, drugs in chemotherapy give effects in a
normal cell, tumor cell, and immune cell.

1. Introduction

Cancer is the disease caused by disordered hormone so that it causes the lumps to grow abnormally on
body tissue, and it is known as a malignant tumor. About 16.65 percent, the mortality in the world is
caused by cancer. In Indonesia, cancer contributes to the third-largest death. Unhealthy diet and life,
smoke are dominant factors causing cancer. Cancer occurs when normal cells become cancer cells
through the mutation process or abnormal growth. Some treatments for reducing cancer have been
applied, such as chemotherapy and traditional drugs.

There are many diseases which have been constructed to mathematical model such as influenza, bird
flu, dengue fever [1][2][3][4]. In the mathematical model of disease spread, generally, there are
susceptible population, infected population, and recovered population [5][6]. From three populations,
they can be determined by reproduction number based on available parameters for determining the
stability. Besides that, the predator-prey model has also been developed for stability in natural selection
[7].

This research will explain about stability and optimal control of tumor growth dynamical model by
drugs in chemotherapy. In the tumor growth dynamical model, there are normal cells, tumor cells, and
immune cells [8]. From the mathematical model of tumor growth, there are some equilibrium points that
will be analyzed their stability using eigenvalue. In this research, from the mathematical model of tumor
growth, it will be added control, such as drugs in chemotherapy for reducing the number of tumor cells.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1
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However, in practice, this process also affects normal cell and immune cells so that normal cell and
immune cells are also reduced. The usage of drugs in chemotherapy should be proportional. Fewer drugs
cause tumor cells to stay grow, and over drugs cause expensive cost and bad for the body tissue.

The method used for solving optimal control problems and resulting numerical solutions is Forward
Backward Sweep Method [9]. This method uses state variables with initial conditions and adjoint
variables with the final condition in its computation [10]. Based on simulation results, drugs in
chemotherapy give effects in normal cells, tumor cells, and immune cells.

2. Methods

In the mathematical model of tumor growth, there are three populations included in the system, such as
normal cell, tumor cell, and immune cell [8]. It is assumed that normal cell and tumor cells grow based
on logistic function and immune cells grow continuously. This model uses the predator-prey model
concept in tumor cells and immune cells.

2.1. Mathematical model of tumor growth
The mathematical model of tumor growth is presented in equation (1), (2) and (3) [8] :

N =r,N(-b,N)—c,N (1)
. pIT
T=rT1-bT)———-0¢,IT +c,N
T(A-bT) aiT, 3 )
: IT
I:s+d2[ap+ OJ—cllT—dll ?)

Note that the denominator « +T, is assumed constant with N(t) is the population of a normal cell, T (t)
is the population of tumor cell, and 1(t) is the population of immune cell. The other parameters can be
seen in table 1.

Table 1. The parameter used in the mathematical model of tumor growth.

Notation Description
r, Intrinsic rate (per capita growth) of tumor cell growth
r, Intrinsic rate (per capita growth) of normal cell growth
b Carrying capacity of the tumor cell population
b, Carrying capacity of the normal cell population
yo Search rate of tumor cell by the immune cell
d, The natural death rate of immune cell
d, Conversion factors
a Immune threshold rate
S The growth rate of immune cell (constant)
C Coefficient of an inactive immune cell due to interaction with tumor cell
c, Coefficient of dead tumor cell due to interaction with immune cell
C, The rate of increasing tumor cell due to normal cell mutation to tumor cell
C, The rate of decreasing normal cell due to normal cell mutation to tumor cell

Consider the population of tumor cells and immune cells. From the model in equation (2) and equation
(3), without the existence of immune cells, the tumor cells grow based on logistic function, and without
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the existence of tumor cells, the immune cells grow constantly. When immune cells eat tumor cells,
immune cells duplicate their selves for attacking tumor cells.

2.2. Existance of solution
The solutions to this problem can be said to exist if N(t)>0,T(t)>0,1(t)>0. The equilibrium points

also should satisfy these conditions [11].

2.3. Equilibrium point
The equilibrium points can be determined by N =0,T =0,[ =0 in equation (4), equation (5), and
equation (6).

r,N@1-b,N)-c,N=0 (4)
plT
rT1-bT)- —C,IT+c,N=0
TA-hT)- eI+ ©)
plT
s+d —¢IT-d,l =0
Z(OK‘FTOJ 1 1 (6)

From equation (4), equation (5), and equation (6), we obtain three equilibrium points:

1. Equilibrium point 1: N, =0,T, =0,1, = ds
1

2. Equilibrium point 2: Nezzo,Tezzsl_( '0_:_82) n CZ:;Z I, _|e+2with I, is the positive
a+ 0 r-1 rl 1

1 Ple; Cyle Ple; + +
s| = FPlee Ble|lg | Pl | o+ _g* =0
[bl (@+Toih by )\ 2lasT, ) m )T

solution of:

+ + 1 C
1 c, _rlTeS(l_blTeS)_CS (b_ r;) ]
3. Equilibrium point 3: N, =——— T _ =TI 2227 with
e3 e3 el
b, by, —Ples —c,T.,
a+T,

T,, is the positive solution of :

B +
2 rb peS +
S+ - d, -cT;—d, |=0
-p N a+T
e3 _CzTes 0

a+T,

Because equilibrium point 2 and equilibrium point 3 are complicated to be solved analytically, then they
are solved numerically by Gauss Elimination Method. From each equilibrium point, it will be analyzed
its stability using the eigenvalue method from the Jacobian matrix.

2.4. Stability analysis
From the differential equation system in equation (1), equation (2), and equation (3), they will be
constructed Jacobian matrix in equation (7). Suppose:
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Then the Jacobian matrix is:

—C,IT +c,N
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of, of, of

ON oT ol r,—2rb,N —c, 0 0

of, of, of T

Jac=| 2L TL T c, 2T - ol LT W

0 0

of, of, of

e 0 LY.L LT o7 g,

LON o1 al i a+T, a+T, i

For analyzing the stability, we determine the eigenvalue from the equilibrium point on the Jacobian
matrix using det(4l —Jac)=0. The system is stable if all real of the eigenvalue are 4, <0,4, <0, 4, <0
(negative) [11].

d,(x+T)r,r +c,ps+c,C,s(a+T,)
shLp+sr,C,(a+T,)+c,(a+T,)dr,

In equilibrium point 2 and equilibrium point 3, substitute numerical positive equilibrium to the
Jacobian matrix. The system is stable if all real of eigenvalue are 4 <0,4, <0, 4, <0 (negative) [11].

In equilibrium point 1, it is stable if

2.5. Optimal control of tumor growth by drugs

In optimal control of tumor growth, there are drugs in the chemotherapy process as control u applied to
tumor cells to reduce the number of tumor cells. However, in practice, this process also affects normal
cell and immune cells so that normal cell and immune cells are also reduced. The effectiveness range u
is [0,1]. Therefore the mathematical model from equation (2), (3), and (4) become the mathematical
model in equation (8), (9), and (10), respectively.

N =r,N{l-b,N)-c,N -auN (8)
. plT
T:rlT(l—blT)—a+T0—cle +C,N —a,uT 9)
. plT
|:S+d2(a+Toj_CllT_dll —agul (10)

With a,a,,a, is the rate of reducing normal cell, tumor cell, and immune cell due to drugs in

chemotherapy.
For the model, the objective function which is minimized is presented in equation (11).

J =T[A1T +Au’dt (11)
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Where weights are A >0,A, >0 related to the number of tumor cells and the cost of drugs in

chemotherapy, respectively. From the model, the number of tumor cells and the cost of drugs in
chemotherapy will be minimized. The goal is to find optimal control u”.

2.6. Pontryagin’s maximum principle

If U is an optimal control corresponding state system, there exist adjoint variables ( I A A4 ) which
satisfy equation (12), (13), (14), and (15) [6].

oH

Ay = N —Ay (r,—2r,b,N —c, —au)— 4.C,

oH

2T=—8T=—A1—2T[r1—2rle—

. oH i T
A [_ai
0

a

Ay (T)=0,2,(T)=0,2,(T) =0

Where the Hamiltonian is expressed in equation (16).

H=AT+AU +(4 4 4)

r,N(1-b,N)—-c,N —auN
(T@-bT)- 21
a+T

0

—C,IT +¢,N —a,uT

s+d2[’OITTJ—c1IT +d,1 —aul

a+l,

Furthermore, we can find the optimal control u”

0
0

oH

—=0
ou

L 2mu A (-aN) 4 (-aT) 4 (-al) =0

U min[l, max(o, AN +4:a,T + 4,3l B

2.7. Forward-backward sweep method

2h,

I I
’iTO—czl—azu]—/l, (dz(aiTJ—cllJ

oT |4 d,| 2L |-eT-d,~au
T 2 1 2 OC+T0 Cl 1 aS

(12)

(13)

(14)

(15)

(16)

(17

(18)

(19)

The forward-backward sweep method applied to optimal control of tumor growth can be designed as

follows [12][9]:

Suppose state variables and adjoint variables are :

f, =rN(1-b,N)—c,N —auN

f,=rT(1-bT)~ 2T 1T +e,N—auT

f3=s+d2(

a+T,

plT
—c,IT —d,I —a,ul
a+TOJ G ! *
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g, = A (, —2rp,N —c, —au) - 4C;

gZZ_Al_ﬂ’T{rl_zrlblT_ 2 _CZI_aZUJ_/lI [dz{le_Cllj
a+T, a+T,
T T
9 =4 [_ £ _CZTJ_//LI [dz[ £ J_ClT_dl_afqu
a+T, a+T,

The forward-backward sweep method algorithm is as follows :
While (process has not converged yet) u,, =u

1. Compute the solution of state variables forward with the initial condition N,,T,, 1, are given
using Runge Kutta fourth-order.

= (N, T, 1,,4,),§=1,2,3

h h h, u+u,) .
f. (N +2k11,T+2k2, , 2k13,21),1:1,2,3

h h h, —u+u, ) .
f[N +2k21,T+ Ky, I + 2k 5 1)4:1,2,3

231

= £, (N; +hkyy, T, +hkyy, I +hkyg,u;, ), j=1,2,3

337
N., =N, +2(k“+2k21 + 2Ky, +Kyy )

Ti+1 :Ti +2(k12 + 2k22 + 2k32 + k42)

L, =1 +2(k13 +2Ky5 + 2Ky + Ky )

2. Compute the solution of adjoint variables backward with the final condition A4, ;). 4, are
given using Runge Kutta fourth-order.

g,(/lN(u) A iys Ay N TI,II,U) j=123

h, N,+N, T+T, L+, u+u,) .
g](/lN(l) oAy =2l Ay EIIS’ 5 o 5 o 5 o 5 1)121'213
h N +N, T+T, L+, u+u,) .
gJ(AN(I) 21’ir(|) Ly, |(|)_E|231 5 o 5 o 5 of 5 1)]:1’2,3
g](ﬂ'N(l) 311/110 32’ I(| hISS’NIl’TI 1’||1! ) 1_123
h
ﬂ“N(i—l) = ﬂ‘N(i) _g(ln +2|21 +2|31 + |41)
Ay = Ay _g(llz +2ly, +21y, + |42)

h
/Il(i—l) = )Ll(i) _E(IB + 2'23 + 2'33 + |43)

3. Compute the optimal control u” using equation (19)
4. Update optimal control
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u+u
U<« —2 ald (20)

5. Compute performance index as an objective function

T-1

J(u) =Y (AT(K)* + Au(k)) (21)

k=0

3. Result and discussion

It is assumed that there are between 10® and 10° cells per cubic centimeters of tissue [8]. It is important
to be noted that because the amount of normal cell, tumor cell, and the immune cell is various in the
type of tumor disease, then the model is only as a general model in simulation so that it is assumed
dimensionless and does not require the units. Parameters used in optimal control of tumor growth
simulation and initial condition can be seen in table 2.

Table 2. Simulation parameters.

Parameters Value
The population of normal cell N(0) 10
The population of tumor cell T (0) 5
The population of immune cell 1(0) 10
Intrinsic rate (per capita growth rate) of tumor cell growth r, 1
Intrinsic rate (per capita growth rate) of normal cell growth r, 1
Carrying capacity of the tumor cell population b, 1/2
Carrying capacity of the normal cell population b, 1/50
Search rate of tumor cell by the immune cell p 0.01
Conversion factors d, 0.5
The natural death rate of immune cell d, 0.2
Immune threshold rate o 0.3
The growth rate of immune cell (constant) s 5
Coefficient of an inactive immune cell due to interaction with tumor cell ¢, 0.2
Coefficient of dead tumor cell due to interaction with immune cell c, 0.6
The rate of increasing tumor cell due to normal cell mutation to tumor cell c, 0.3
The rate of decreasing normal cell due to normal cell mutation to tumor cell c, 0.3
Weight-related to the amount of tumor cell A 1
Weight-related to the cost of drugs in chemotherapy A, 5

Figures 1, 2, and 3 show the numerical solution of a normal cell, tumor cell, and immune cell with
and without drugs in chemotherapy as control, respectively. From the graph, the effect of drugs in
chemotherapy can reduce the number of normal cells in figure 1, the number of tumor cells in figure 2,
and the number of immune cells in figure 3. The value of the rate of reducing normal cells due to drugs
in chemotherapy a, is 0.2, the rate of reducing tumor cell due to drugs in chemotherapy a, is 0.8, and

the rate of reducing immune cell due to drugs in chemotherapy a, is 0.2.
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Figure 1. Numerical solutions of tumor growth of a normal cell.
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In normal cells without control, the simulation is stable. Its growth follows the logistic function for
preventing the blow-up population. When drugs in chemotherapy are applied, they affect normal cell so
that normal cell is reduced. In tumor cells without control, the simulation is stable. Its growth decreases
because tumor cells are eaten by immune cells, then it increases because of mutation from a normal cell
to atumor cell. When drugs in chemotherapy are applied, they devastate part of the tumor cell population
so that the tumor cell is reduced. In immune cells without control, the simulation is stable. The growth
increases because immune cells eat tumor cells so that they duplicate their selves for attacking tumor
cells. Then immune cell decreases because there are dead immune cells. When drugs in chemotherapy
are applied, they affect immune cell so that immune cell is reduced.
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Figure 2. Numerical solutions of tumor growth of tumor cell.
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[mmune Cell T(t)

Figure 3. Numerical solutions of tumor growth of the immune cell.
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Figure 4 shows the control function of drugs in chemotherapy. The control function has the interval
of effectiveness between 0 to 1 with 0 represents control functions fail (not effective in the whole
population), and 1 represents control functions are a success (effective in the whole population).

Optimal Control uit)

4. Conclusion

| I

s e S N s S e

Figure 4. Optimal control of drugs in chemotherapy.

In the tumor growth dynamical model, there are normal cells, tumor cells, and immune cells. From the
mathematical model of tumor growth, there are some equilibrium points that will be analyzed their
stability using eigenvalue. In this research, from the mathematical model of tumor growth, it will be
added control, i.e., drugs in chemotherapy. The method used for solving optimal control problems and
resulting numerical solutions is Forward Backward Sweep Method. Based on simulation results, drugs
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in chemotherapy give effects in a normal cell, tumor cell, and immune cell. The development of this
research is optimizing the weights of the performance index so that the performance index is more
optimal.

References

[1]
(2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]

[12]

Rahmalia D and Herlambang T 2017 Proc. The 7" Annual Basic Sci. Int.I Conf. (Malang: BaSIC)

Rahmalia D and Herlambang T 2018 Int. J. Comput. Sci. Appl. Math. 4 27-31

Rahmalia D 2015 Unisda J. Math. Comput. Sci.(UIMC) 1 11-9

Rahmalia D and Rohmatullah A 2019 J. lim. Soulmath: J. Edukasi Pendidik. Mat. 7 159-73

Murray J D 2002 Mathematical Biology an Introduction (New York: Springer)

El Hia M, Balatif O, Rachik M and Bouyaghroummi J 2013 Int. J. Comput. Sci. Issues 10 230-6

Mu’tamar K, Rahmalia D and Sutimin S 2019 Eksakta: J. lImu-ilmu MIPA 19 128-42

De Pillis L G and Radunskaya A 2003 Math. Comput. Model. 37 1221-44

Rahmalia D, Herlambang T, Rohmah A M and Muhith A 2020 J. Phys.: Conf. Ser. 1594 012040

Burl J B 1999 Linear Optimal Control (Menlo Park, CA: Addison-Wesley)

Brauer F and Castillo-Chavez C 2012 Mathematical Models in Population Biology and
Epidemiology (New York: Springer)

Lenhart S and Workman J T 2007 Optimal Control Applied to Biological Models (London: CRC
Press).



